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ABSTRACT: Kinetic transition networks (KTNs) of local
minima and transition states are able to capture the dynamics of
numerous systems in chemistry, biology, and materials science.
However, extracting observables is numerically challenging for
large networks and generally will be sensitive to additional
computational discovery. To have any measure of convergence
for observables, these sensitivities must be regularly calculated. We
present a matrix formulation of the discrete path sampling
framework for KTNs, deriving expressions for branching
probabilities, transition rates, and waiting times. Using the concept of the quasi-stationary distribution, a clear hierarchy of
expressions for network observables is established, from exact results to steady-state approximations. We use these results in
combination with the graph transformation method to derive the sensitivity, with respect to perturbations of the known KTN, giving
explicit terms for the pairwise sensitivity and discussing the pathwise sensitivity. These results provide guidelines for converging the
network, with respect to additional sampling, focusing on the estimates obtained for the overall rate coefficients between product and
reactant states. We demonstrate this procedure for transitions in the double-funnel landscape of the 38-atom Lennard-Jones cluster.
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I. INTRODUCTION tion,">™'* we can search for transition pathways from each
minimum, using single-ended methods, or seek connections
between two minima, using double-ended methods.

For the purposes of KTN construction, double-ended
searches are typically static methods that find pathways by

The dynamics of a condensed-phase system can often be
represented as transitions between local minima in the
potential energy landscape. When local minima are sufficiently
deep that the system thermalizes before escape, interminima

transitions are Markovian,' permitting a linear master equation minimizing a continuous or discrete chain of configurations
representation of the dynamics. Transition rates k = k@, exp- connecting two specified states. Popular approaches include
(—PAF) are decomposed to a dynamical prefactor k@, and a the String,’5 nudged elastic band (NEB),'®" and doubly
free-energy barrier AF = F}: — F, between a given local nudged elastic band (DNEB)I&19 methods. The DNEB
minimum i and the local free-energy maximum on the j « i approach has been extended to treat distant initial and final
minimum free-energy path, known as the transition state.””" states, where many intermediate minima may be involved,
The simplest transition-state theory assumes that trajectories resulting in pathways including multiple transition states. Here,
that pass the transition state do not recross and free energies we employ a missing connection algorithm,” along with
can be calculated in the harmonic approximation. The set of all hybrid eigenvector-following to refine the transition states
minima and transition states, characterized by their free accurately.21_24 There are also dynamical double-ended
energies, form a kinetic transition network (KTN).”™* methods, such as milestoning,”® transition-path sampling,”**’
TAS the escape time from a minimum i scales as‘exp(‘ﬂ(r‘mnj and forward flux sampling,”® among others.”*™*°
F;; — F;)), construction and analysis of a KTN can, in principle, Single-ended search methods can be roughly classified into

be much more eflicient than direct molecular dynamics
simulation. In practice, the number of local minima is
exponential in system size,”'’ meaning that it may be
computationally challenging to sample the thermodynamically
important minima and numerically challenging to reliably
extract observables from the landscape.'

The variety of strategies to build KTNs can be considered a
subclass of rare event simulation techniques that focus on
identifying transition states. Starting with some set of minima :
produced from experimental insight or global optimiza-

unbiased dynamical approaches, such as temperature-accel-
erated dynamics® ~** and parallel replica dynamics with state
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recognition,”** potential biasing dynamical approaches, such

as hyperdynamics®® and metadynamics,”” and geometry
optimization methods such as hybrid eigenvector-following
(the dimer method)*' ™" and the closely related activation—
relaxation technique,”****” which use curvature information to
find transition states directly. In dynamical single-ended
methods, transition rates can be estimated directly if the
process of interest can actually be simulated with meaningful
statistics.”"™** Some further discussion of these methods can
be found in a recent review."*

For any chosen construction method, the resulting KTN will
always be finite, meaning that predictions will change when
additional computational effort is expended to grow the
network. This problem is well—recognized;32’33’45’46 previous
work has focused on single-ended searches using high-
temperature molecular dynamics, as the Poisson distribution
of rare event escape times allows the benefit of additional
computational effort to be quantified. Recently, one of the
current authors has used the Poisson law to derive a
monotonically increasing Bayesian estimator of statewise
sampling completeness.”> This approach was combined with
a KTN to determine where additional sampling should be
performed to maximize the predictive time horizon as
efficiently as possible, yielding a autonomous global sampling
strategy.

Single-ended search strategies are particularly useful for
exploring complex but locally single funnel free-energy
landscapes,”” such as those in defect transport,” where the
modeling goal is to build a KTN to study the long-time
evolution.

However, many problems in materials science, protein
folding, and numerous other fields have competing global
structures, §iving rise to multifunnel potential and free-energy
landscapes.””*® In this setting, the modeling goal is to build a
KTN to capture the kinetics, via multiple complex pathways,
between these potentially distant funnels. While single-ended
search methods may eventually find these connections, double-
ended strategies such as DNEB are, in practice, much more
efficient, as putative pathways between basins can be rapidly
found, then additional sampling performed to refine and
explore around the key paths. The discrete path sampling
(DPS) framework®***? can exploit both single- and double-
ended methods to expand a KTN. Observables, such as
average traversal times or effective transition rates, are then
expressed as averages over all possible pathways. To simplify
the resulting expressions local equilibrium is usually assumed
for the reactants;****° in the present contribution, we will
compare this approach with a direct treatment of the large,
sparse matrices that encode the underlying master equa-
tion.”>> As we detail below, these matrices regularly suffer
from severe conditioning issues, because of the exponential
sensitivity of transition rates, motivating the development of
the graph transformation technique®”>* to iteratively remove
states, producing lower rank and better conditioned KTN
matrices with identical observables. Typically, the renormaliza-
tion is continued until the desired observables can be simply
extracted. While numerically stable, this complete renormaliza-
tion is undesirable for sensitivity analysis, because we wish to
specify which (pairs of) minima should be subject to further
sampling in order to converge the observable of interest.

In this contribution, we unify the various approaches to
calculating KTN observables and look in detail at their
sensitivity to additional sampling effort, in the form of double-

2662

ended transition pathway searches. In section II, we define the
terminology used to describe a KTN and introduce the master
equation, before introducing the graph transformation method
in section III. We then derive exact results for KTN
observables, as a function of transition matrices before and
after an arbitrarily complete graph transformation in section
IV. Invoking the concept of the quasi-stationary distribu-
tion,"*"** we find a clear hierarchy of approximations and
provide a precise equivalence to the various results of DPS.
Much of the work is assigned to appendices for clarity of
exposition.

In section V, we show how the graph transformation method
is used to produce a partially renormalized, well-conditioned
KTN, which retains the ensemble of found reaction pathways,
and we identify the total branching probability (or the sum of
all committor probabilities) as the observable that we use for
the sensitivity analysis. This analysis is presented in section VI,
with explicit expressions for changes in the total branching
probability of the renormalized KTN, following additional
connections found during a double-ended saddle search
between an arbitrary state pair. We show that the matrix of
all possible pairwise sensitivities can be rapidly calculated via
the solution of two linear problems involving the renormalized
KTN. The optimal deployment of sampling tasks using these
pairwise sampling tasks is discussed briefly in section VII, and
approximate confidence bounds on the resulting KTN
observables are analyzed in section VIIL Further development
of confidence bounds will be the subject of future work.
Finally, in section IX, we apply our framework to simulate
sampling the KTN of the 38-atom Lennard-Jones cluster,
which exhibits a double-funnel landscape, showing how our
observable converges.

Il. KINETIC TRANSITION NETWORKS

A KTN is constructed from a set of metastable states and the
transition states or rates that connect them. The states are
considered sufficiently metastable that local equilibrium is
achieved before escape and thus the state-to-state dynamics are
Markovian,' providing the master equation representation that
is used as the starting point for DPS.****° In this section, we
define our notation and introduce the master equation in terms
of large, typically sparse matrix products.

Consider a tripartition of the set of all minima S =
AUBUIT into two (possibly directly connected) regions
A, B containing Nz, Ng minima, respectively, and an
intervening region J containing N; minima. We assume that
A and B are metastable, a statement which will be made
precise when considering KTN observables. Without a loss of
generality, we focus on transitions from B to A, which we

denote as A « B. Let I be the identity matrix in R™*™ je,,
of dimension equal to the number of minima in region X, and
1, € R™, a row vector of ones of the same dimension. Before
reaching equilibrium, the probability density vector Py € R™
in a region X € {A, B, I'} evolves according to the master
equation3

Py = —DyPy + Z KyyPy

Ye{ABIT)

(1
where Kyy € RY™ s a (rectangular) matrix of all of the
minimum-to-minimum rates Y — X, and Dy € RYMN g o

https://dx.doi.org/10.1021/acs.jctc.9b01211
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diagonal matrix whose entries are the total escape rate from
each state in X. The conservation of probability requires
2/\’ clABT) LyPy = 0, for any probability density, which, in
turn, implies that

)

Ye{ABIT)

1IxDy = Ly Kyx

)
Assuming that a detailed balance holds, the probability
distribution Py will relax exponentially to the equilibrium
occupation probabilities 7y for all the component minima. It is
useful to define the normalized restricted equilibrium
distributions 7y = 7y/Lymy, such that LyAy = 1. Hence, a
component, such as 7, is the equilibrium conditional
probability that the system is associated with local minimum
b, given that we are in region B. These conditional
probabilities appear in all of the rate constant formulations
previously derived in the DPS framework,®*”>*>%* g5
discussed below.

We now introduce the branching probability B (Bi]- =P(j—
ilj)) that the next step of a Markov jump process will be j — i.
The branching probability plays a key role in DPS****" and
kinetic Monte Carlo simulations.” In terms of the transition
rates defined above, branching probability matrices are given
by Byy = KXyDQI. Because of the (assumed) Markovinity of
the state-to-state dynamics, just as [By X]ij gives the probability

of reaching i € X from j € X in one jump, the sum

2 BBy = B,

I ©)
gives the probability of reaching i from j in exactly two jumps
within X. More generally, we consider the sum of all possible
path probabilities, conditional on not leaving X. Making the
eigendecomposition Byy = Y, Avi ® vi, it is straightfor-
ward to show the total probability of all X — X paths (with
recrossings), which reads

GXEZB"XX=Z

n=0 1

R L
m=[[| — Byy] ™!
1= x — Bxx

(4)

where we define the matrix Gy to simplify later expressions and
® is the diadic (outer) product; for two vectors a and b, the
outer product is the matrix a ® b with elements [a ® b]ij =
a;b;. This inversion is nonsingular (4 < 1) when escape from X
is possible.

The Green’s matrices (eq 4) are very useful when deriving
KTN observables for transitions between A and $B; in
particular, the Green’s matrix G; provides a compact manner

to write the branching probability B;T\,y of leaving
Y € {A, B} in one jump, executing a path of arbitrary
(possibly zero) length within 7 and ending in X € {A, B}.

This result reads

I _
Byy = Bxy + Bx;G;Bry (%)

where By allows for the possibility of a direct X < Y jump,
bypassing 7. As in previous work,® we distinguish quantities
that implicitly account for intervening minima by the
superscript J, which immediately defines another key quantity
in DPS, the committor vector:

Cj = 1Bz € RY

(6)
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with component [C5], = C; being the probability of leaving

state b € B in the first jump, then reaching A before B.
The compound branching probabilities BQB and BéB will

play a central role when deriving the main KTN observables in

this work. Indeed, the total committor probability, 1BC§, will
be the objective function for our convergence analysis.
However, we will see, in later sections, that evaluation of the
Green’s matrices Gy routinely suffer from severe conditioning
issues, because of the exponential sensitivity of transition
rates,”® meaning that direct solution is numerically unstable.
To overcome these issues, we use the graph transformation
(GT) method,******” detailed in the next section.

lll. THE GRAPH TRANSFORMATION METHOD
The graph transformation (GT) method®*****7 is a
deterministic technique to remove a state | € S, giving a
new state space S\I with renormalized branching probabilities
and escape times. If the current branching probability matrix is
Bg, where, by definition, Zi [Bgly =1 foralll € S, the GT

procedure to remove a state [ to give S\l is®

[Bsl;[Bsl;
[Bs];, — [Bg\); = [Bsl; + ————
K K 71— [Bgly
[D5'ly[Bsl;
[D5']; = [Dgyl; = [D5']; + —————
i i i 1 — [Bg], )
While self-transitions [ — [ are initially zero (i.e., we start with
[Bgl; = 0), such “self-transition” terms emerge after repeated

application of the GT renormalization, representing the
branching probability to paths solely on removed states that
start and end on a state I Including degenerate rearrange-
ments"*® rescales the initial branching probabilities and
waiting times, leaving the ratios unchanged.8 The original GT
procedure excluded self-transitions from the possible
events.””* The branching probabilities and waiting times
then scale by a common factor, and the expected waiting time
for escape is unaffected.® However, when self-transitions are
included in the events, we obtain a direct connection to
committor probabilities.®

The GT method was specifically designed® ™" as an
alternative to matrix representations of Markov chain
observables to overcome the numerical conditioning issues
described above. In particular, when [Bg]; becomes very close
to unity, evaluation of the denominator 1 — [Bgl; induces
floating point error. The GT method overcomes this problem
by exploiting a state-by-state removal scheme, replacing
1 — [Bg]y with the equivalent term Y 4 [Bsly, which does

not suffer from these issues. The GT approach has indeed been
shown to have far superior numerical stability to direct linear
algebra solutions across a wide range of systems,” and has
been exploited to overcome trapping in kinetic Monte Carlo
simulations.*®

A matrix generalization of the GT method has recently been
analyzed,”” where blocks of states are removed simultaneously
instead of individually. In fact, the renormalization procedure
can preserve branching probabilities and waiting times for the
removal of any subsets of states in any sequence. Specifically,
suppose that we start with states 7 U Z and wish to remove
all states belonging to J. Equation S gives the sum of the
products of branching probabilities for all paths starting at zj,

https://dx.doi.org/10.1021/acs.jctc.9b01211
J. Chem. Theory Comput. 2020, 16, 2661—2679
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ending at z,, with z,, z; € Z and any number of steps in the
I region between the end points:

I —
[BZzl..., = [Bzz + BzsG/Brzl. ., (8)
Therefore, we can conserve the probability associated with
these paths using the renormalized branching probability

matrix Béz with the elements defined above in RNz*MNz,

The expected waiting time for a single-step transition
between z; and z, can be obtained by summing the waiting
time [D_ZI]ZZ or [D}']; for each state z € Z ori € I along a
given path, then performing a weighted average over all paths
using the product of branching probabilities. Here, we are
assuming Markovian transitions within the KTN, so that the
expected time to traverse each path is simply the sum of the
expected escape times for each state. To achieve this averaging,
we define By, as follows:**>>*

Byy = Byy exp({Dy), Gy = 1[Iy — By )
where X, Y € {I, Z}, which weights each step by the correct
waiting time when taking a derivative with respect to ¢ and
then setting { = 0. Since branching probabilities must sum to
one over all possible connections, we have
1; = 1;Bz; + 1;B;;, so that 1;B;; = 1;(I; — B;;) and
hence 1; = 1;B;;G;. In Appendix A, we provide a summary
of other useful relations between these quantities.

We can use these identities to simplify the expression for the
expected waiting time for a transition from any state z € Z to
any another state in Z via an arbitrary number of steps
between states in J. This waiting time becomes the expected
escape time from z when the J states are renormalized away
and is given by the z-component of

_ 0 .
1,[D7]™ lzi(Béz)k:o

0 -~ N o~
= lzi(Bzz + Bz;G/Br 7)o

_1 =
;D7 + 1;D7 G/Br 7 (10)

(see Appendix B for a full derivation), which defines the
renormalized waiting times lz[Dé]_l. We note that

IZBQZ = 1z, so the sum of path weights in question for
any component of Z is unity. Hence, the expected waiting
times associated with direct transitions between Z states when
the 7 states are removed are conserved if we replace the
original values by the diagonal elements of [D‘;]_l. The
renormalization conserves the path probabilities as branching
ratios between all Z states exactly, but not individual first
passage times. As for the previous derivation of state-by-state
renormalization, the sum over end points in Z conserves the
escape time.

The renormalization only changes values for Z states that
are first or second neighbors of I states, but the formulas can
be applied for all Z. We will also obtain the same results if we
remove sets of states in any order, so long as the final state
space is the same. In particular, we recover the results in eq 7 if
we remove a single state. Furthermore, we can partition Z
arbitrarily, for example, into product and reactant portions,
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which we indicate by Z =AU B. We then obtain
renormalized branching probabilities and escape times:

[Baa Bar Bag I I
I Ban Bas
Bra Brr Brg| - By = , ,
B By,
| Bga Bgr Bgg A 88
[1,4[D,1™" .
-1 7 -1 14Dl
1[[1)[] - lz[Dz] = I
-1 13[Dyg]
| 13[Dy] (11)

The components of 15 [Dé]_l correspond to the renormalized

escape times TbI in previous work;® we will use them again in
section IV(D).

As we shall see, the flexibility to remove blocks of states and
conserve the branching probabilities and waiting times of
interest is useful for analysis but suffers from the same
numerical issues as those that the state-by-state GT method
overcomes.

In the next section, we derive some formally exact results
from the full Markov chain (eq 1), then show how these may
be generalized to produce expressions for the waiting time and
branching probabilities found in previous work. The extended
GT results described above will then be used to study how
reaction rates emerge in a KTN. We note here that the
renormalization procedure conserves the escape time for a
transition within the remaining state space, while approx-
imations involving steady-state assumptions for 1 states do
not. Nevertheless, the steady-state approximation can be useful
for analysis: it has been exploited in DPS,**° and the same
formulas result from a coarse-graining approach.®!

IV. EXACT OBSERVABLES FOR A KTN

When A and B are metastable, A < B transitions will be
rare and typically followed by long periods in the product
region. Therefore, it is meaningful to ask for the expected
waiting time to reach, say, A, given that we prepare the initial
distribution in B, i.e., P;(0) = 0; and P»(0) = 04.

The A < B waiting time can be evaluated exactly by
studying an artificial system where all transitions out of A are
set to zero, ie., Kyz = 0. While this system then clearly
violates detailed balance (as all trajectories will eventually end
in A for a connected network), the dynamics before reaching
A are unperturbed. In this limit, the dynamics in 7 U B
follow a master equation analogous to eq 1:

Pr| | Kz =Dy

K;g P,

Py Kgr  Kgg — Dg||Pg (12)
where all quantities are exactly as defined in eq 1, meaning that
transitions to A are encoded only in the diagonal matrices Dy
and Dg. With no further approximations, it is possible to
evaluate the expected waiting time to reach ‘A conditional on
starting in B analytically, i.e., with initial conditions Py(0) such
that IBPI(O) =0, IﬂPﬂ(O) =0, and IBPB(O) = 1. The
probability density for the waiting time 7 is simply the
probability flux out of 7 U B:

P(r € [t, t + dt]) = —(1;P; + 15Pp) dt (13)

https://dx.doi.org/10.1021/acs.jctc.9b01211
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The integral of this density is the total change of probability in
J U 8B in the limit t — oo, which is clearly unity. Therefore, we
can express the expected waiting time as>’

/Oth(r €[t t + dt])
/OOOP(T € [t, t + dt])

17
=1,
(14)

where the second line arrives by considering the evolution
equation described by eq 12. We derive this result in Appendix
C, verifying that the denominator of the first line above is —1,
and then solve the matrix inversion analytically to give

<T;@B>

T —1

0r

P;(0)

Dr -K;r  —Kyg

Dy — Kgg

—Kgr

(Theg) = [1;D7'G;Brg + 1505 1GP5(0)
= 145[D5]”' G5P5(0) (15)
where the Green’s matrix Gé is defined as
Gg = [lg — Bggl ™' (16)

ie, the Green’s matrix corresponding to the compound
branching probability of all possible nonreactive paths starting
and ending in B without reaching A. The matrix Bé;g
corresponds to the definition given in eq S and motivates the

notation employed for Gé;.

IV(A). Exact Waiting Time from Pathwise Averages.
To make a connection with previous work on KTN
observables, we wish to interpret the matrix expression defined
by eq 15 in terms of weighted averages over all possible paths
connecting B to A. These path weights form the starting point
for all of the mean first passage time and rate constant
derivations in DPS theory, based on the graph transformation
renormalization approach.*>>** In particular, we previously
wrote the product of branching probabilities for any discrete

path & as (%.54 Element b of the vector lﬂB;BGé is then
identified with the sum of path weights (VVg over a € A and

paths £ € a < b. Since [Gé]b,b gives the sum of all probabilities
for paths starting at b € 8 and ending in b’ € B without
reaching A, and [BéB]ab, is the probability of reaching a € A
from b’ summed over all paths that do not return to B, the
product is the sum of probabilities over all possible a < b
paths. Every element of this vector is unity: by conservation of

probability, lﬂB;‘(B =1g — IBBéB = Ig[Gé]_l, giving

I I IT-1~T
1,B5Gy = 15[Gp] Gy = 1 (17)
which, in turn, implies that C?GéPB(O) =1 for any initial
condition. To obtain the expected waiting time, we follow the
procedure of section III, and, in Appendix D, we show that the
exact waiting time can be written as

0 - -
(Th g i(lﬂBQBGé)IHPB(O)

15[D3] ' GPg(0) (18)
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which connects the expected waiting time to the sums of path
weights. Here, we identify the components [lﬂBégGé]h with
the waiting times 7, in previous work.®

IV(B). Exact Waiting Time Using the GT Method. The
exact waiting time (see eq 15) can also be obtained using the
graph-transformed branching probabilities (eq 11) and escape
times section III, with Ky4 = 0, to form a reduced Markov

chain executing dynamics in a state space B' the same size as
B, which subsumes excursions into 7 before eventual
absorption in A. The I superscript indicates that all the J
minima have been renormalized away, as described above.
The transition rate matrix between renormalized states in
i,je B is given by KéB = BéBDé, ie, the branching
probability multiplied by the total escape rate. The absorbing
master equation (eq 12) in 7 U B is then transformed to a

renormalized master equation in B’ evolving via KéB - Dé;

using the definition of Gé in eq 16, the evolution equation for
Pi(t) becomes

Py(t) = ~[Ggl DgPyi(t) (19)
Employing the same procedure as employed to derive the exact
waiting time (eq 14 in Appendix C), we can write the exact
waiting time of eq 19 as

(thg) = 151051 GsP5(0) (20)
which is identical to the exact result of eq 15 for the full system
when Pgi(0) = Pg(0), which is consistent with the definitions

in eq 11 and section III). The required initial condition in B!
to reproduce the exact waiting time when P;(0) # 0; is given

in Appendix E. The notation 8' for the probabilities is used to
emphasize that, although eq 19 has exact escape statistics to A,
the GT procedure changes the nature of the remaining state
space. The exact waiting time of the full (or reduced) model is

the expected time spent in 7 U B (or 8") before reaching A,
which is clearly not equal to the expected time spent in 5.

Therefore, the state space B has the same rank as B, but
evolves with branching probabilities and escape times that
account for all possible sojourns into J. This distinction is
important when defining the metastability of 8 and transition
rates kg, as we see in the next section.

IV(C). Defining an Exact Transition Rate. The matrix
formalism allows us to define exact expressions for the
expected waiting time and branching probabilities for any
initial condition and energy landscape; the metastability of A
and B determine the utility, not the accuracy, of eqs S and 15.
However, the existence of a constant reaction rate k»_g on a
suitable observation time scale is more subtle, because it is only
well-defined (i.e., has a constant value) when the decay into A
follows single exponential kinetics. A weak condition for such
kinetics is metastability in 7 U B; a stronger condition is
metastability in B alone.

In this section, we first derive the conditions for an exact
transition rate, dependent on metastability in 7 U B, before
determining how this relates to previous work.

When 7 U 8B is metastable, the rate matrix in eq 12 will
have a spectral gap. More precisely, if we write the
eigendecomposition of the rate matrix as

https://dx.doi.org/10.1021/acs.jctc.9b01211
J. Chem. Theory Comput. 2020, 16, 2661—2679
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Krr — Dy K;rg

Kgg — Dg

R L
== z : ywp @ w
Kgr "

(21)
single exponential decay from 7 U B will emerge if the
ordered eigenvalues, numbering from zero, satisfy 0 < v, < v,
< Uy, le., have a simple spectral gap v, < v}. To verify this
limit, we solve for the probability distribution in the eigenbasis.
Writing Py, g(t) = [P7(t), Pg(t)], we find the multiexponential
solution

Prg(t) = 2 exp(—t1,) (W[ P,5(0))wy
I (22)

which will decay to a projection along the slowest eigenmode

wg on a time scale (v; — 1,)”". Therefore, the limiting

distribution in 7 U B, conditional on not being absorbed, is
R

Pr,5(t) Wo  _ .QsD
lim = = = n’%fg
t=o 17,gPryg(t)  Lrygwy

(23)

where the superscript “QSD” signifies that we have defined the

quasi-stationary distribution IL'_%ZD; = wy for I U B. The QSD
is defined as the limiting distribution in a region with
absorbing boundaries conditional on not being absorbed,
which is a natural and useful generalization of the local
equilibrium distribution for metastable states.””" Importantly,
if prepared in the QSD, basin escape statistics are single
exponential, as we demonstrate below. For any eigenspectrum,
ie, any degree of metastability, any initial conditions will
decay to the QSD on a time scale (v; — 1) ~". The spectral gap
condition means that the escape time scale for the slowest
mode, v, is much longer than the time required to establish
the relative probabilities corresponding to the QSD, namely,
(v; — vy) ! When we have simple metastability, v, < v;, KIN
observables approach single exponential kinetics on this time
scale, giving an exact escape rate of

y Ir,gProg(t)

— lim w8 fus

0 = k;h—B
t=c0 17, gPrg(t)

(24)
The exact waiting time (eq 15) retains dependence on the
initial conditions P;,5(0). Using the eigendecomposition
described in eq 21, we can rewrite the formula for (z7j._g5)
involving the inverse matrix obtained in Appendix C as

(Tacs) = lrus Z v Wi (wiPr5(0)) 6s)
I 25

Note that the eigenvalues of the rate matrix M in eq 21 are <0,
and the minus sign is chosen so that v; > 0. This sign cancels
the minus sign in the first line of eq C5 in Appendix C to give
eq 25). When v, < v, the first term dominates and we can use

eq 23 to replace 1;,zwn
vy (wWoPrus(0))(1rygwo) + Oy/1))
1 woPrys(0)

* LA~QSD
kacs WoRr,g

<T;’k(<—§3>

+ O(yy/1y)
(26)

which is the inverse rate multiplied by the ratio of projections

onto the slowest mode for the initial distribution and the QSD.

% * — *,QSD
Hence, (T4 g) = 1/kg g = <Tﬂ358

the system in the QSD, with P, ,5(0) =

if we simply prepare
~QSD
Trus:
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Furthermore, when 7 U B is very metastable, i.e., as the
decay rate to A vanishes (Kgz; = 0, Kzg — 0), the slowest
eigenvalue v, will also approach zero. In this limit, wg, and, by
definition, 7¥P, will be proportional to the invariant local
equilibrium distribution of eq 12, which, before any GT
renormalization, is simply 7. Since Py ,g(t) = MP; () =
07 for any Py 5(t), we also know that the corresponding left
eigenvector wy is proportional to 1;,g. The orthonormality
relation wéwf; = §,, provides the constants of proportionality as
Wy = Trug/Woltyys and  wg = lpyg/lygwy =
1,05/ 17,57 L. The limiting form for wg holds even when
the limiting form for z%¥P is no longer the local equilibrium
distribution due a GT renormalization, a point we return to
below. The proportionality of wy to 1,4 is sufficient to give
(Th_g) — 1/kiy_g by substitution in eq 26, as expected for
single exponential decay.

The same result, again consistent with eq 24, is obtained by
calculating the expected waiting time from Py ,5(t) given by eq
22, given the system has not decayed to A after a time ¢. This
waiting time, which corresponds to (T;’SSBD) defined above,
would typically be measured in the experiment. Using the
notation of eq 14 and multiexponential expansion (eq 22), we

find

/tw (t = P(r €[t t' + dt'])

(r5%Py = lim -
t—00 ft P(r €[t, t+ dt'])
1
k;h—B (27)

#,QSD

meaning that we can identify (7,7 %5’) as the correct inverse

rate kiy._ 5 when decay to A follows a simple exponential
relationship.

While the expressions described by eqs 24 and 27 are
formally exact, as discussed above, the rate matrix (see eq 12)
suffers from significant numerical conditioning issues, meaning
that, in practice, evaluation of kiy._ g is rarely possible.

To proceed, we apply an identical analysis to the graph-
transformed evolution of eq 19, which reduces 7 U B to B,
the set of renormalized B minima, while retaining the exact
waiting time (see eq 20). As above, when B' is metastable, the
rate matrix in eq 19 will have a spectral gap. The
eigendecomposition of the transformed rate matrix reads

IR L
= _Z vz @z
] (28)

-Gzl 'Dg

and single exponential decay from B’ will again emerge if the

ordered eigenvalues satisfy 0 < IJdZ < 1/1] < 1/2] ... In this limit we
can identity the renormalized QSD, the limiting distribution in

B, as

R QsD
Pgi(t) o _ Tgl s
m L.P = R = QD — gl
oo 1gPgi(t)  Igzy g7y (29)
which gives a renormalized escape rate,

lim 15Pgi(t) T = 15T
—lm === =1 = kg g

t— o0 lgPBI(t) (30)
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To compare k;{’ig to k;h—B’ the exact waiting time (eq 20)
can be written in a form closely resembling eq 25:

(tacg) = g Z W) "2 (2/P :(0))
! (31)

which, again, will be dominated by the first term when Bl is
metastable, giving

1 zgPg(0)

<T;:i<—3> = N + O(Voj/yij)
Kils zoftg (32)
In the highly metastable limit, when the probability flux out of
B' vanishes, we again have z; — 14/(1, B” SDY and, thus,

(T g) = l/kﬂ(_B, meaning that k?h—B = k}h—B'
In this limit, & Q%SD — T g1, the invariant distribution of the

transformed rate (eq 19) when decay to A is vanishing.
Importantly, w g is not equal to mg, which is the Boltzmann
distribution in B; this observation will become relevant when
comparing the exact rate to previous approximations.

The correspondence between the QSD rate k}kh_g (eq 24)

and the transformed QSD rate kijl4 (eq 30) also can be
obtained as for eq 27 by calculating the expected waiting time,
conditional on not decaying to A,

15D 'GPy 1

15P gi(t) Kl

(£5%D) = im
— 0

(33)

Comparing the two equivalent exact results for the expected
waiting time, we see that the transformed QSD rate k;['(I_B
(which we can calculate) and the exact QSD rate k;h— g (which
is typically impossible to calculate) are equal in the metastable
limit. Hence, kj‘;{([_ & can be considered an exact rate in the vast
majority of cases, since the GT transformation is typically
required only to calculate KTN observables in the highly

metastable (rare event) limit, where we have demonstrated
exponentially accurate correspondence between the GT QSD
rate k;’f_B and the formally exact, but typically incalculable,
QSD transition rate k;u—z;‘ We also show in the next section
that it is only in this limit, when these rates agree with the
transition rate defined as the exact reference in previous work,
that they also agree with each other.

To facilitate the comparison to previous results for the
transition rate, we end this section by deriving an equivalent
expression for the transformed QSD rate (see eq 30). As
discussed above, the QSD projects k;{’i g from the transformed
rate matrix (eq 19). Substituting for Pgi(t) in this equation
and using 7t P for P (t) in the numerator and denominator

of eq 30 gives

145Gl ' Dz P

%, T
ka QSD

AeB =

17 i (34)
By the conservation of branching probabilities and the
committor definition given in eq 6, we have

A 7 I-
Cs = 1aBag = 15(Ggl
we can express the transformed QSD transition rate in the
suggestive form

! (see also eq 17 above). Therefore,
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kily = C3DEAFP (35)
Equation 335 is a very useful result; it provides an expression for
the KTN transition rate that is exact in the metastable limit
where a transition rate is well-defined, in a form that we can
relate to existing approximations, identified in previous work as
k;i_fg for steady state (SS)*’ and kgffg for nonsteady state
(NSS),> as detailed in the next section.

We note that the exact rate in ref 35 can be considered a
sum over the branching probabilities Cg for each reactive
trajectory in B (i.e., those that reach A before returning to B)
weighted by the total escape rate and QSD weight for the
corresponding renormalized state in B'. This formulation is
consistent with the probability distribution for reactive
trajectories.””® We also note the similarity to formulas
based on the flux over a dividing surface.”* ™’

IV(D). Comparison of the Exact Rate to Previous
Work. The steady-state approximation used in the original
DPS derivation*”*” assumes that the intervening region I is at
steady state, PI = 0, and that the A, B distributions are in
local equilibrium, Py(t) = #Py(t) for X = A, B.
Appendix F, we show that the transition rate in this
approximation is given by

In

y [CH],[75],

T

kSS e = C?DBR'B =
besB (36)
where the final expression uses 7, = 1/[Dgly, = [Dg'ly, the
expected waiting time for a transition out of minimum b,
demonstrating that ki is precisely that which has been
derived in previous work.® Through comparison with eq 35, we
see that the effect of the steady-state approximation is to
replace the GT renormalized escape times 1/ [Dé]bb with
1/[Dgly, and the normalized QSD n'QSD is replaced by the
This result
amounts to assuming that traversal of the 7 region is
instantaneous, and that the presence of nonzero escape rates
from B affects the limiting distribution (which is the content
of the QSD). We expect that the latter assumption is
acceptable for sufficiently metastable basins, but this first
assumption is typically accurate only for simple landscapes.
The non-steady-state (NSS) formula for the transition rate
was derived in previous work by considering transitions within
the state space of ﬂ U B after renormalizing away the 1
minima one by one.”® If we denote the corresponding rate
constants by an “J” superscript, and treat all the transitions as
competing Poisson processes, then the expected waiting time
for a transition from b to A U B is the renormalized value,

local equilibrium occupation probablhty Ag.

‘[hj = 1/(K£w + Kéh), and we identify the committor
probability (C' = K%,/ (KL, + K2,)), which is obtained
from the renormalized branching probability.”** The required
el
constant by averaging over the local equilibrium distribution in

8'8,53

rate is then Kﬂb and we obtained a mean rate

[CH], (5],
('],

ENss z

A<B —
beB

(37)
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[Tf]b is component b of the vector of expected escape times
produced by GT. In section III, we showed that these expected

times can be written as 77 = 1z [Dé]_l. The NSS escape rate
then reads

NSS AT A
kaZg = CgDyily (38)
which is the exact rate (eq 3S5) derived above with the
normalized QSD ﬁ'Z%SD

conditional probabilities Zg. Therefore, the NSS rate is a

replaced by the local equilibrium

significant improvement on the SS rate, because we only
assume that the local equilibrium 74 is a good approximation

to the transformed QSD & Z%SD. Here, we note that the matrix

Dé is always considered to be diagonal, with nonzero elements
defined in terms of the reciprocal waiting times from the
elements of the diagonal matrix that appear in IBDé.

We have seen, in the previous section, that, in the highly
metastable limit, the QSD (frZ%SD — fg) is the invariant
distribution for the transformed rate matrix (eq 19). When

there is no metastability in 7, we expect the approximation

NSS
k.?‘l(—B -

will be equal to kj;[&fg. However, if there is significant
metastability in 7, it is possible that Zg could be different

Az =~ fg to be accurate; thus, k;k(f: 5, which, in turn,

from 7, inducing error in k;?fg.

Finally, we consider the rate obtained from the waiting time
T sy, which is calculated via graph transformation removal of
all 7 minima and all other sources b’ # b in B, using local
equilibrium conditional occupation probabilities:*

k;(_B = Z

besB

[Zg],
T a0

(39)

Here, 7 4, is the waiting time for a transition from b to A,
including revisits to b, obtained from the renormalized
branching probabilities and escape time (see Appendix G).
k53 5 agrees with ki _ g in eq 39 if the B minima are in rapid
local equilibrium, compared to the time scale for transitions to
A.” Alternatively, considering the first-step relation,’® we can
prove that 7 4, = ThI / Cbﬂ if 7 4, is the same for all b, and the
two rate formulations in eqs 37 and 39 are then equivalent (see
Appendix G).

In the present QSD framework, we can also show that eq 39
will agree with k}k((_ g if the system relaxes to the highly

metastable limit of the QSD, ﬁ';l,SD — A g Furthermore, if
this limiting distribution is given as &g =~ Ay, then
KE o oSS

A<B — MA<B:

To see this correspondence, we use our exact waiting time
expression (eq 15) for an initial condition [Pg], (0) = &y, to
write

T1-1~T

T, = [15[D5] " Ggl, (40)

However, we know that the system will decay to the QSD for

any initial condition if the basin is metastable. In this limit, the
first term in the series for eq 31 gives

¥ L SD
Ty = (king) ' [20), (17 i

(41)
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In the highly metastable limit, 7 ;SD — g, we know
2§ = 15/(147 1), meaning that
#,7 y-1 F *,7
Tar = (krcg)” = ka_g = ki g (42)

In addition, using the exact waiting time expression described
by eq 20 for the full 7 U B rate matrix (eq 12), analogous

manipulations yield k;{‘_g — ki _g showing that, in the

metastable limit, k;h— % k;h— 5 and k;(’i g are all in agreement.

Hence, a well-defined transition rate emerges when we allow
the initial conditions to relax to the QSD, and all previous
results are recovered by first assuming that the QSD becomes
the local equilibrium distribution before any additional
assumptions. The difference between the QSD and the local
equilibrium view arises from the treatment of the region as
isolated, or with an absorbing boundary. In both cases, the
limiting distribution corresponds to the eigenvalue of the rate
matrix with the smallest magnitude (zero for local
equilibrium). The calculated rates will agree when the region
defined as reactants in the experiment is sufficiently metastable,
so that a local equilibrium setup can be achieved.

In previous work, we considered rates obtained from
averaging over kinetic Monte Carlo runs as the exact reference
for any given initial distribution, and referred to this rate as

k%g. However, since the exact rate can be calculated in other

ways, we prefer the notation ki _g, which is not associated
with any particular numerical approach. We finally note that an
absorbing boundary condition has previously been used in
combination with master equation dynamics to %uide the
construction of a KTN by defining boundary states.””

V. PATH-BASED GT REGULARIZATION FOR
SENSITIVITY

To recover a numerically tractable system upon which
sensitivity analysis can be performed, we use the GT method
to remove states from 7 which do not participate in or
significantly influence a given reaction pathway, leaving a
reduced set of states  C J with renormalized branching
probabilities. Therefore, we remove 7\P, i.., those in 1 but
not in AU B U P through the GT method. All branching
probabilities and waiting times remain unchanged; the
branching probability matrix will reduce in rank, thus typically
becoming more amenable to linear algebra manipulations,
although it will generally become less sparse. The precise
definition of which states (local minima) to retain in P is
flexible; indeed, the definition is free to change arbitrarily
throughout the computation. In previous applications that
remove states one by one, it proved much more efficient to
remove I states with the fewest connections first.”>* In the
present work, a natural choice is to select all states in 7 that
either lie on or are directly connected to at least one known

reaction pathway. Following the notation convention for B;T\; )
the GT procedure detailed in eq 11 yields renormalized
branching probability matrices B4; — Bf;[\g , Brg — Bé;\g,
B/ — Bé\g, and B4 — BQE;, where the latter matrix does
not change dimension, but the entries are renormalized.

With corresponding renormalizations for the waiting times
as in section III, which are defined as the inverse of the total

escape rate Dgp, we also obtain renormalized rate matrices

K]\P — BI\PD]\P

through Kyy = By, Dy~ . The branching probability matrix

https://dx.doi.org/10.1021/acs.jctc.9b01211
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from B to A can be exactly expressed in an identical form to
eq S, namely,

I\P I\P I\P

7
Bag = Bag + Bap GpBpg (43)

AV
— By
the solution matrices X € R™* ™8 and Y € R that solve
the renormalized linear equations

where Gp = [lp 17", This formulation naturally defines

I\ I\
[lp — By IX = Bpy (44)
to give B;B = BQg + B;\PPX, or, equivalently,
I I
Y(l, — BLY 1 = BLY (45)

to give B;B = BQBP + YB;c\g We present both X and Y in

anticipation of the results below.

Equation 43 is the central object of analysis in this
contribution, as all other network observables can be calculated
in the manner detailed in section II. In the next section, we
derive the general convergence and sensitivity criteria, with
respect to the introduction of additional transition rates in the
network. In particular, we focus on a scalar contraction of eq
43, the total branching probability, using the committor vector
defined in eq 6:

A _ AT _ I T
Cg = Cglg = 14By3ly (46)

Crucially, although only states in AU B U P are explicitly
enumerated in (46), the sensitivity of B;B to the introduction
of additional transitions involving states in J\P will still be
present in the effective transition rates of the renormalized
network. However, kinetically important states should be
retained in P to focus the sensitivity analysis. A detailed
analysis of the optimal strategy to determine # on the fly will
be the subject of a future contribution. In the following
analysis, we assume that a suitable # has been chosen, and
derive explicit terms for the sensitivity to the introduction of
new transitions between previously unconnected states in

AUBUP.
VI. SENSITIVITY AND CONVERGENCE

Additional sampling will usually produce new minima and
transition states, changing network properties such as Béw and
overall rates. A key goal of this paper is to derive expressions
for the sensitivity of such quantities to additional sampling,
thereby allowing the construction of some measure of
convergence. This is a difficult problem as the KTN is a
complex object; rate convergence is, in principle, a global
optimization problem. Furthermore, any sensitivity measure
will necessarily be dependent on the chosen sampling
strategy,33 which determines the nature of the additional
(possibly redundant) information returned by additional
sampling tasks.

In this work, we consider use of the OPTIM®® program to
perform double-ended transition state searches between
candidate state pairs (I, m) via the doubly nudged elastic
band (DNEB) method.®” In this procedure, initial pathways are
found by launching DNEB searches for “direct” pairs (I, m),
where | € A and m € B, which will generally return indirect
pathways with many intervening minima in 7. This will then
affect the graph-transformed KTN for AU P U B.

Our goal is to derive a pathwise local sampling sensitivity
measure, once some initial 8 < A pathways are found, which
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can both propose target pairs (I, m) € AUP U B for
additional DNEB tasks and estimate the expected change in
network observables upon the incorporation of new sampling
data. If the expected changes can be bounded, a convergence
measure then becomes possible.

Generally, there will often be additional criteria that can
reduce the number of candidate (I, m) pairs for sensitivity and
convergence measures, based on, e.g., the distance in
configuration space, or some other metric such as the change
in bonding topology. This does not preclude the possibility of |
< m pathways, only the existence of direct | <> m transitions.
Furthermore, in the steady-state approximation for intervening
minima 7, and thus necessarily the renormalized region
P C I, kg_g is unchanged to first order by additional
transitions entirely within A or B, and By is unchanged by
transitions within A. While the discovery of new A, B states
and their connections to $ could also be considered, we will
focus here on transitions corresponding to 8 - P, P - P
and P - A.

If a DNEB search returns an indirect pathway where all the
intervening minima are new, the sensitivity expression is
equivalent to that for the discovery of a direct transition (with
some effective rate). However, in the general case, especially as
sampling reaches local convergence, it is more likely that
searches will produce indirect pathways involving already
discovered minima, modifying a range of branching proba-
bilities. Locality criteria for pair selection will likely reduce the
possible number of intervening minima. However, generally,
the central complication to deriving a sensitivity measure
remains: a sampling task starting from a given pair (I, m) will
generally yield an indirect pathway with multiple intervening
minima, producing matrix modifications 6Ky, that affect a
larger number of states.

Before analyzing the exact form of the 5K/{/\yp matrices
following a DNEB search, we look at the most general
expression for the change in B;B as defined in eq 43, and,
thus, the total branching probability C? as defined in eq 46,

under additional sampling. We employ the component form
below where ambiguity could arise. Using eq 2 and the identity

[D?’D]ij = 5ij[lXD/I\;\P],-, the change in D?P under a general
perturbation is

[5D§\P]zj = ijz [ly5K§\/\?]i
y (47)

giving a change in branching probabilities of
6By 1; = [6Kxy 1[0y} — [Kyy1;16Dy "Dy, 13
(48)

To propagate these changes to B;B, defined in eq 43, we need
to calculate 6Gyp. For any matrix M, applying the chain rule to
S(M™'™M) = 0 yields S(M™') = —M™' SMM™'. For the

renormalized Green’s function Gy, for a given 5Bg>\f we have

Gp = [lp — Bpp "' = 5Gp = GpoBpy, Gy (49)
This gives a total change in B;B of
OBl = OBlyg + 6By GpBpy + Biw GpoBipy
+ Bip GpoBpp GpBLy (50)

https://dx.doi.org/10.1021/acs.jctc.9b01211
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where we revert to matrix products for clarity of presentation.
In terms of the solution matrices X and Y, defined in eqs 44

and 4S5, we can write 5B‘;B in the compact form,

I\p I\pP I\p I\P

éBﬂB—ﬁB + 0B zp X + YOBpg + YOBpp X

(1)

which motivates the linear algebra formulation. Therefore, the
total branching probability C? undergoes a total change:

I\P T I\P

% 1g + 1;0Bophx
I\P

I\P T

5CH = 1,6BL + y6Bpy 1y

+ y6Bpyp (52)
where x = Xl}; and y = 1Y are each obtained with a single
linear solution. In the following, we focus on the sensitivity to

new transitions that affect A < P « B paths, ie., those that

pass through $, meaning that we assume lﬂéBj;{\ng =0 in

the following expressions for 5C§. It is straightforward to
include this contribution to the general sensitivities (eq SS).
VI(A). Sensitivity to Any Direct or Pseudodirect
Transition. When a sampling task returns a direct transition
between (I,m), the rate matrix modifications 6Ky, have a
simple closed form. Furthermore, this closed form is also valid
when the sampling task returns an indirect transition, where all
intermediate states were previously unknown, which is a case
we label “pseudodirect”. With a forward (I — m) rate of kU, the
reverse (m — [) rate is defined to be ¢"kU. Before any GT

renormalization, detailed balance implies ¢ml = [my],/[7x ],
i.e, the ratio of components of the steady-state Boltzmann

distribution. The GT renormalization 7 — P generally will
modify the stationary distribution as the effective rates between

states changes. Using the renormalized rate matrices Kf_\,\yp, we
estimated the change in the steady-state distribution by using
the Boltzmann distributions 74, g and &, of the retained
states as a preconditioner for an iterative minimization. While
this effect could give large changes if only sparsely connected,
high energy states are retained during the GT procedure, as we
typically retain highly connected, low energy states (those that
part1c1§)ate in reaction pathways), the proportional changes in
the ¢™ were extremely small, meaning that we use the
Boltzmann distributions to estimate the ¢»™ values. Therefore,
the modification to the existing rate matrix is given by

(YKl = k6,8, 1€X,mel

[ Kﬁg)]q = ¢mlkU6i[6jm le X, m e y

[oxxKan l; = k8,8, + "85,  LmeX

(83)

where 5;/1\, is the finite difference operator forl € X, m € Y.
In eq 53, kV is a “test rate” that represents the expected value of
the as-yet-undiscovered transition rate. When using local
saddle point search routines driven by high-temperature
molecular dynamics,®” it is possible to derive monotonically
increasing Bayesian estimators for sampling completeness,*
which can be used to estimate kU. However, when minima and
saddle points are found using geometry optimization
procedures, such as DNEB calculations, sampling completeness
estimators are not available. In the numerical examples below,
we discuss various approaches to determining an appropriate
kY, the simplest being an expected upper bound based on prior
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knowledge of the system under study, such as kV = 10 THz for
thermally activated processes in metals.
The rate matrix modifications given by eq 53 cause changes

EmIByX in the branching probabilities as detailed in eq SI.
Inserting these into eq 52 gives the total propagated change,
éj,“}ycg‘, for a single direct transition pathway (I, m) € (X, Y).
We will derive explicit expressions of these direct transitions in
the three cases of interest: (I, m) € (P, P), (B, P) and
(P, A).

While the first term in eq 52 accounts for possible changes
due to direct connections bypassing P, our focus is on the
remaining terms that gauge the effect of changes in the
structure of the intervening region of the network. For all valid
candidate pairs, we can obtain a predicted change in the
branching probability through eq 52 and, thus, rank all pairs as
candidates for a double-ended saddle search. However, this
approach applies for a direct or pseudodirect pathway. As a
result, before giving explicit expressions for direct transitions,
we will first consider indirect paths.

VI(B). Sensitivity to an Indirect Transition. In the
general case, a sampling task targeting (I, m) € X, Y will
produce a pathway through M intervening minima py, p,, ..., pur
Considering a general summation 6K = 6K, with all
superscripts suppressed for brevity, we note that the change in
branching probabilities is a linear sum to first order:

8B =) 0K,D ' — Kdiag(15K,)D > = )" 5B,
n n (54)

where we have used §(D™') = diag(16K)D ™ to first order,
with diag(16K) the diagonal matrix with elements given by the
components of the vector [15K = Ok;, the total change in
escape rate from minimum j. If new intervening minima p; are
found, the dimensions of B, K, and D must reflect the final
dimension of the space after the new path is added to the
database. Therefore, we can decompose the change in total
escape rate into contributions from direct transitions. Since the
change in total branching probability is linear in the 6By, the
first-order propagated change to network observables for
indirect transitions will then simply be the sum of the
propagated changes due to the composite direct transitions.
Hence, to investigate the effect of indirect transitions, it is
sufficient to evaluate and rank all of the direct transitions in the
manner described above, which is the task of the next section.

VI(C). Sensitivity to Direct Transitions. Details are
collected in Appendix H. The final expressions for changes in
the scalar committor probability are

(L,m)e (P, P) op'Cy =k Iyl
(I, m)e (B, P) omCh =k lyl,

- [yl)[Dz'x],

= [yBpg DG, = K¢ 1y], [D7'x],
ml

(I, m) € (P, A) &muCan = K'(1 = [y],)[Dy'x],

(88)

where pgp !is a one-sided difference operator, which includes
only the changes due to the [ — m path. As expected, self-
transitions I = m in P, which are permitted after
renormalization, do not affect the committor probability. The
result for 5;;@? is independent of m € A, because of the
sum over A states in the definition of the committor vector in
eq 6.

The convergence of these changes in the committor is
investigated below for two benchmark systems involving

https://dx.doi.org/10.1021/acs.jctc.9b01211
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atomic clusters of N atoms bound by the Lennard-Jones
potential (LJy), using the regularization techniques developed
above. We have tested the sensitivity expressions by removing
known rates and looking at the predicted and actual change in
branching probabilities. In all these tests, excellent agreement
was found, demonstrating the self-consistency of our approach.

VIl. SELECTION, DISTRIBUTION, AND ALLOCATION
OF SAMPLING TASKS

When an accurate sensitivity can be evaluated for all candidate
direct transitions, their influence on network properties can be
ranked according to the change in the scalar committor value
5mIC§. With a given computational budget, DNEB calculations
can then be assigned according to this ranking. However, this
approach may not ensure optimal computational efficiency; it
is likely that the number of DNEB images needed to represent
a pathway will scale approximately linearly with the distance
between candidate minima, increasing the computational cost.
A possible strategy is to weight the ranking according to the
number N;, of DNEB images that would be assigned for the

1
task, and consider 5'"1C§ /N, to reflect the fact that multiple
less-sensitive transitions may yield better computational return
than a single sensitive transition between distant minima.
Since a DNEB calculation is a formally deterministic process,
once a given pair (I, m) has been targeted for sampling, it
should be removed from all future selections, i.e., set

6"'1C§ = 0. However, we note that many strategies could
yield multiple pathways on repeated DNEB searches between
the same two minima. For example, multiple initial pathways
could be attempted or stochastic forces or energetic penalty
functions could be applied during the DNEB minimization. In
this case, multiple DNEB requests could return different results

and, therefore, the amlcg‘ should be reevaluated each sampling
cycle, or multiple DNEB requests could be assigned to a given
pair in one cycle.

VIIl. CONSTRUCTION OF CONFIDENCE INTERVALS
FOR CZ

The local sensitivity analysis detailed here clearly cannot solve
the global problem of whether there is some other distant set
of unexplored pathways that will drastically change the
A < B kinetics. Rather, we aim to make some statement
on the convergence of the transition rate associated with the
current database of sampled pathways.

The sensitivity metric works well if the to-be-discovered
transition is either a direct connection between two known
states, or an indirect connection involving only newly
discovered states; in either case, by postulating an upper
bound kY on the to-be-discovered transition rate between (,
m), an upper bound on the absolute change in the branching
probabilities is obtained, to first order. We use the absolute
change to emphasize that this does not mean additional
connections necessarily increase Cg(.

Our convergence measure for the path finding search
procedure involves upper and lower confidence intervals o, for
the branching probability Cg. This sensitivity machinery was
combined with two estimators of the network structure,
namely, the expected value of newly discovered transition rates
kY above, and the connection sparsity £. Rigorous, monotonic
estimators of unseen rates have been developed in dynamic
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sampling strategies,”’ where the dynamical trajectories provide
a well-defined probability law for discovering transitions. In the
present context, where a database of stationary points is
harvested using geometry optimization, no such law exists,

meaning that the rate estimator kY (defined below) will be
nonmonotonic, with uncontrolled fluctuations upon the
incorporation of new sampling data. A sensible strategy in
this scenario is to consider multiple estimators in parallel, using
the collective information to guide decisions on convergence.
In this final section, we test some preliminary estimators,
demonstrate the sensitivity framework that is a main object of
this paper; future work will concentrate on the optimal form of
estimation and, thus, how to deduce more-rigorous con-
vergence bounds. The present contribution gives the computa-
tional framework upon which such convergence concepts can
be tested.

Our estimator kU has one hyperparameter, a postulated
maximum unknown rate kU which we set to kU, = @,
exp(—3), where @, = S in reduced units for the L] potential.
This value corresponds to an energy barrier of 3/, around the
limit of the rare event regime. Future work will investigate the
dependence on the final sensitivities to estimates of ki, and
when it is beneficial to spend more effort in the estimation. In
addition, we measure the logarithmic mean and variance of the
observed rates, correcting for differences in the free energy of
initial and final states through

~ 1
kij = E exp[—ﬁ(f*g — max(F, P}))] (56)

<(ln E)n> = z (ln Eij)n/Nrates

rates ij

(87)

where P]; is the saddle point free energy (F:; = F]T,), B =1/kyT,
with kg being the Boltzmann constant and T the temperature,
meaning that F:; — max(F, Fj) is the lower free energy barrier
for the ij transition. We consider the first and second moments,
corresponding to n = 1 and 2 in constructing the rate estimator
below. ~

The logarithmic mean (In k) was chosen to account for the
wide range in observed rates; it can be considered as estimating
the average free-energy barrier. Nevertheless, only if the
distribution is suitably well peaked should this mean value be

taken as informative. As a result, our preliminary estimator k"

for the newly discovered rates reads

€ = kil + (0 = k) exp(1 = ((n B /(in BY)
(s8)

meaning that a large geometric variance in the observed rates
suppresses the influence of the geometric mean observed rate
e(ln ky

The sensitivity analysis assigns an expected change 6/\‘2}/C§
to the branching probabilities upon the discovery of a new
transition for every possible transition m <> [ in the network,
wherem € X, | € Y, apart from already-sampled pairs, where
we set the sensitivity to zero.

However, real transition networks are typically very sparse,
meaning that the sum of all possible sensitivities could be
misleadingly large, as many of the possible transitions do not
exist. Therefore, we also estimate the network sparsity £, which
gives the approximate probability that a search should return a
successful connection. We estimate £ with
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é

l\Ttrans I\Itrans N, DNEB
—  *t|&h - = exp| —
states I\Tthresh
the number of found transition states, minima, and DNEB
searches, respectively, and Ny, is a hyperparameter
controlling the influence of empirical data, here, set to 5000.
Therefore, our first estimator bounds £o%* are simply the
sum of all possible positive or negative changes, multiplied by

the sparsity ¢&:

=& ) aCs

5CH>0

(59)

states

to) Eo=E ) 17y Cyl

5CH<0
(60)

giving the projected change &6 = E6%™* — E0™.

We can also define the maximal bounds 6. due to the
discovery of a single transition as

o) = max 83y Cq, 0 = Imin 8y, C7l (61)
giving the total single change ¢' = o} — ol.

We also use the sparsity to estimate the expected number of
additional connetions. Assuming independence, the probability
of finding m connections is simply £"(1 — &), giving an
expected number of connections (m) = &/(1 — £). We
combine this expression with the average changes to give our
last investigated bounds o5, defined as

ml ~A
£ )\ ZscisoOxyCa
1-¢

Z:(SC§>0 1
and similarly for ¢° with the constraint 5C§ < 0.

Using the first-order derivative to predict changes in a
nonlinear quantity is clearly inaccurate when either the
derivative or the predicted changes in the argument (here,
kY) are very large. However, higher derivatives would require
multiple linear solves, imposing a prohibitive computational
cost.

£ =
£ =

(62)

Instead, we note that C? must be positive and will have a
finite upper bound due to eq 17. As a result, while we use the
raw first derivative value for the sensitivity analysis, when

+

plotting the predicted sensitivity bounds C? o, in the next

section, we restrict the range of the possible changes through
the mapping

o,
Ci+o,—1-(1-Cg)exp|-———|<1
1-Cg (63)
Cj( A o_
g —0_—> Cgexp|——=| 20
Cg (64)

It is straightforward to show that, for small values of o,, we
recover the linear dependence Cg + 0,, meaning that the

behavior close to convergence is unchanged. We emphasize
that this mapping is only used for visualization purposes.

IX. VALIDATION TESTS ON LJsg

To test the sampling protocol described in this work, an
“exactly known” rate matrix was constructed using the LJs,
energy landscape from the Cambridge Landscape Database.”’
As is well-known, LJ3; has a double-funnel landscape*””" ="
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with two competing morphologies, corresponding to two free-
energy minima at low temperatures.

The double-funnel landscape of the LJ;5 cluster provides
natural definitions for the A and B basins. The B region was
chosen as a standard set of 395 low-energy structures based
upon incomplete icosahedra, while the A region was chosen as
a standard set of five low-energy structures based upon the
truncated octahedron global minimum. The sampling was
initially restricted to a truncated subnetwork of 900 minima
that contained the minimum energy pathway, meaning that
P = I. The truncated landscape and minimum free-energy
configurations from A and B are shown in Figure 1.

A

B
144

Relative Energy [£]

Figure 1. Disconnectivity graph®® for a ]34 landscape truncated to a
total of 900 states, in Lennard-Jones energy units (¢). The
cuboctahedral (A) and icosahedral (8) basins are colored orange
and green, respectively. Minimal free-energy configurations from each
basin are shown.

The minimum free energy path for # = 10 (in L] units) has
28 intermediate states with a large effective barrier height,
representing a realistic test of the sensitivity framework
developed here for a rare event.

The sampling was initially restricted to a truncated
subnetwork of 900 minima that contained the minimum
energy pathway, meaning that ¥ = 7. The truncated land-
scape and minimum free-energy configurations from A and B
are shown in Figure 1.

To simulate DNEB connection attempts for a pair (i),
Dijkstra’s shortest path algorithm,”* as implemented in
scipy,”” was applied to an unweighted, undirected graph
created from the reference rate matrix. The use of an
unweighted graph is to simulate the fact that the DNEB
algorithm has an energy penalty for the length of the path and
is unlikely to find the fastest path between two distant states in
one iteration.

The “sampled” rate matrix initially contained all A — A
and B — B connections, a single known B — A path and,
for each state on the path, the result of a simulated single
ended saddle search, which returned, at most, two connecting
states. To create an initial 8 — A path, we used the simulated
DNEB routine described above; the initial sampled set
contained ~50 states in 7.

To give high data resolution for Figures 2 and 3, the
sensitivity analysis was used to identify, in each cycle, the two
most sensitive state pairs that had not been previously sampled.
If these simulated searches returned no new results, the next
two most sensitive pairs were considered, and so on, until at
least one new transition state was found. In practice, as
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Figure 2. Convergence test on 8 — A transitions for the truncated
LJ3g landscape illustrated in Figure 1, with # = 10. All sensitivities are
recalculated after each search cycle. Sensitivities are regularized
through the mappings (see eqs 63 and 64). The horizontal axis
indicates the number of simulated DNEB attempts as a percentage of
the total possible number of connections, approximately N(N — 1)/2,
meaning a completely converged value will be obtained at 100%.
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Figure 3. Convergence test on B — A transitions for a LJ;
landscape of 5310 states, where a the graph transformation method
is used to remove all states more than two connections away from the
minimum free-energy path at # = 10. Sensitivities are regularized
according to eqs 63 and 64. The resulting system had Np = 126
intermediate states with a much higher connection density. The
horizontal axis gives the number of simulated DNEB attempts as a
percentage of the total number of possible connections in #, which
requires more complete coverage of the much smaller connection
space for similar levels of convergence.

discussed above, it is likely beneficial to sample many more
pairs simultaneously; a detailed investigation of the optimal
deployment will be the subject of future work.

In Figure 2, we present the results from this procedure with
the convergence metrics described above. For clarity of
visualization, large values of the sensitivities were regularized
with eqs 63 and 64. A few “spikes” in the committor
probability are observed, because of the discovery of a newly
sensitive connection, which will thus be ranked very high for
the next cycle. Since the actual change is typically much less
than the conservative predicted bound, the convergence
measures return to essentially the same values as previously
observed.

Sampling the most sensitive connections quickly yields the
correct branching probability, but much more sampling is
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required to be confident of convergence. As expected, the
average connection sensitivity o‘é_r is the fastest to converge,
followed by the maximum individual sensitivity ¢}, and then
the total sensitivity £o%". Importantly, the confidence intervals

contain all changes in the estimates of Cg, and the projected
values are also stable.

The differing rates of convergence between the various
sensitivities give insight into the nature of transitions over the
landscape. For example, the comparatively slow convergence of
£6 to o, indicates that the existing landscape requires a new
pathway to significantly change the branching probability.
Future work will investigate generalizing these ideas within a
Bayesian framework.

We also applied the same methodology to a much larger L;5
landscape that initially contained 5310 states, using the graph
transformation method to give P C 7, with 126 states around
the minimum free-energy path. While the effective rank is
much lower, the resulting KTN has a much higher density of
connections, because of the greater number of possible
connections between the retained nodes. In the simulated
sampling routine that we present here, this requires a much
greater degree of search coverage for similar degrees of
convergence, but over a much smaller space of possible
connections. However, in a true sampling routine, the
discovery of a new transition will affect many nodes in the
transformed system, via the same mechanisms that lead to the
much higher connection density. As a result, a similar total
number of DNEB searchs will be required in each case. A
detailed case study of this procedure being applied to aid KTN
construction will be treated in future work.

The higher connection density also leads to a larger density
of “spikes” in the convergence plots. However, this is partially a
consequence of only sampling one connection pair per cycle
for the purposes of illustration; when sampling more pairs per
cycle, the density of spikes decreases.

To conclude this section, we emphasize that, in all of these
test examples, we have made no effort to filter DNEB attempts
based on knowledge of the existing KTN nor structural or
energetic properties of the minima pair under consideration,
meaning that our metrics consider all possible interstate
connections. Optimal strategies for applying the GT
renormalization and estimating the probability that a given
minima pair will yield a new connection will be the subject of
another contribution.

X. CONCLUSIONS

In this contribution, we have developed a linear algebra
formulation for calculating waiting times and rates correspond-
ing to a kinetic transition network (KTN), to develop a
tractable scheme for judging the convergence, with respect to
sampling. We have first provided expressions for the
observables within a hierarchy of approximations, starting
with a steady-state assumption for intervening minima, and
local equilibrium for the reactants. We establish the
equivalence of the resulting matrix/vector representations
and formulas previously derived by considering sums over
pathways directly. The extension to exact rates and waiting
times further enables us to connect results based on a local
equilibrium in the reactant space to the quasi-stationary
distribution, which corresponds to the limiting case for an
absorbing boundary at the products. The linear algebra results
are fully consistent with previous results, and provide
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additional insight, as well as a more efficient way to compute
some of the properties of interest. In particular, we derive
formulas to estimate the sensitivity of branching matrices,
committor probabilities, and hence rates when new network
connections are hypothesized. These sensitivity measures can
be used to direct the sampling strategy to converge the
database of stationary points, with respect to rates.

To test convergence, we have applied the sensitivity
calculations to existing databases for an atomic cluster bound
by the Lennard-Jones potential, namely LJs;, where two
morphologies compete to give a double-funnel landscape that
causes broken ergodicity, and structural interconversion
constitutes a rare event. Starting from small subsets of the
database, we use the sensitivity indices to propose new
searches for connections between local minima, and simulate
their discovery using the known connectivity of the full
databases. In each case, the sensitivities and bounds on the
committor probability initially exhibit large fluctuations, which
decrease as the sampling progresses. The bounds converge
rapidly to the correct values, demonstrating that this
framework should provide a powerful tool for constructing
and converging KTNs in new systems. This approach is
generally applicable throughout molecular and condensed
matter science, and we envisage future applications to
problems ranging from atomic and molecular clusters, through
biophysics, to condensed matter.

B APPENDIX A: GLOSSARY OF USEFUL FORMULAS

Here, we summarize various results that are useful for the

derivations. Note that the identities for B and G matrices do

not hold for the corresponding B and G versions.
Compound branching probabilities and renormalized

waiting time:

Bl

By g = Bag + BysGrBrg
_ ol
Bg_g = Bgg + BgrGrBrg = Byg
- 1 T
Gg_g = (I — Bg_g) ' = (g — (Bgg + By;GrBrg)) ' =Gy

1,D;'G/B; + 13D5' = 14[Dg]”
(A1)

Here, B4_g is the probability corresponding to all possible
paths that leave B and reach A via any number of steps in J
without returning to B; Bg,_ g is the probability corresponding
to all possible paths that leave B and return to B via any
number of steps in J without reaching A. The G matrices sum
over all paths consisting of any number of steps defined by
simple or compound branching matrices. Hence, Gg_ g is the
sum of probabilities for all nonreactive paths. The quantities
identified with a superscript 7 also correspond to the values
used in graph transformation renormalization after all the
intervening minima in the 7 region are removed.
Identities involving G matrices:

Gy = (ly — Byx)™', Gy =ly + GyByy, Gy =l + ByyGy,

ByxGx = GyBxx, 9(Gx)l=o = Gxd;(Bxx)l=oGx
(A2)

The G matrix derivative for simple branching matrices is given
as follows:
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aé‘(é/\/)lgzo = GxD:\/lGX - D;(IGX

= (Gy — Iy)Dx'Gy

1
= GxByxDyx Gy (a3)
The committor probabilities are defined as
A 7 I-1
Cs = IzBgg = 153Gyl
$0
7 A T1-1 v 7
Cy = [Bagly, Cp = [15lGgl ], and G = [Bygly,,
(A4)
for minima b, b’ € B and a € A.
Identities related to the conservation of probability:
L= ) 1LyByx=> X LByGy=1ly
YeABT Y#X
IxBa g + 1gBg g = 1g,
13Ba_gGg g = g,
-1
3B 3Gg = 1365 3Gy
(A3)

Bl APPENDIX B: DERIVATION OF EQ 10

The expected waiting time for a transition from any state
z € Z to any another state in Z via an arbitrary number of
steps between states in 7, as presented in eq 10, is given by the
z component of

2}

L—®BL)._, =
Zag( 220

0 ,~ X~ -
lzi(Bzz + B;G7Br 7)o
_1 _1
1Bz7zD7 + 17B7;D7 G/Br7
0~ _
+ IZBZIX(GI)QZOBIZ + 1;B7;G;B; ;D7
—1 —1
1B77zD7 + 17B7;D7 G/Br7
1 1
+ 1;B7;G;B;;D; G;B; 7 + 1;B; ;D7
(1;Bz7D7 + 1;B)D7
_1 _1
+ 1;B7;D; G;B;7 + 1;B; ;D7 G/B;
1,D7 + (1;Bz; + 1;B;;)D;'G;B;

1,D7 + 1,D;'G;B;;

1[D5T!
(B1)

The sum of path weights out of every component of Z is
unity, because 1;B, = 15, so we obtain the average escape
times from the above construction.

The derivative G;, used above, can be obtained by

. o gs . o S .
differentiating the series form )" ' (B;;)", or using

0 & -1
—Gyl oG =
04' T'(=0T
and G}l = I][ - BII’ to obtain ;?Gflgz() = G[DE'IG[ - D}lG]

= (G; — 1;)D;'G; = G;B;;D;'G; (see Appendix A for a
summary of useful relations between these quantities).

0 ~_1
-G —G7,_
Tog 1 =0 (B2)
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B APPENDIX C. DERIVATION OF MATRIX
EXPRESSION FOR EXACT WAITING TIME

Writing eq 12 in the more-compact form P ,g = MP; 4 and
a row vector of ones of dimension corresponding to 7 U B as
17,5, we can show

1M = — 153 (K7, Kggp) (€
and, hence,
P(z € [t, t + dt]) = —1;,gPr g dt
= —1;,gMP; g dt
= 14 (Kyp7, Kgp)Pryp dt (C2)

Integrating the master eq 12 formally to give Py g(t) =
exp(Mt)P;,5(0) and performing the integrals in eq 14 gives
15(Kyy, Kpg)M "Pry5(0)

1 (Kp, Kag)M ™ 'Pry5(0)
Using eq C1, we can simplify the above expression, since 17,

= —14(Kgy, K(ﬂB)M_l, we have

Ly (Kap, Kyag)M ™ Prp(0) = —1; 5P 5(0) = —1

<Tﬂ<—s> = (C3)

(C4)
for the given initial conditions. Hence,
(Taes) = —1rugM Prg(0)
-1
K;r — Dy Krg 07
=—(1;, 1)
sr  Kgg— Dg| [Pg(0)
—1
(Brr = 17)Dy B;gDy 0;
=—(1;, 1)
5701 (Bgg — lg)Dyg| |P5(0)
G;' -Bg|[D; 04 0y
= (17, 1g) .
-Bgr Gg' |07 Ds P;(0)
-1 —
. .| Gr  —Brg 07
= [1;D}, 13Dy ] .
By, Gg' | |Ps(0)
(Cs)

where Gy' = I — Byy.
To proceed, we consider the linear system

7
(Ce)

We can solve for x; and xg analytically by first expanding the
matrix vector product as

07

Pg(0)

-1
Gy  — By

Gz

* ) =
> (Ta.g) = Dy x; + 15Dgxg

= Bgr

G7'x; — Brgxg = 05, = x; = G/Bgxyg
= x5 = [Gg' — Bg;G;B;5] 'Py(0)

(C7)

Gpxg — Bgrxy = Pg(0),

We then recover eq 15 directly.

B APPENDIX D. DERIVATION OF EXACT PASSAGE
TIME EXPRESSIONS

Here, we follow section III and consider the waiting time
associated with a sum over all paths that start in B and reach
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any minimum in A via any number of steps in the 7 region
with returns to B allowed. The path weight can be factorized
into a component to account for nonreactive paths starting and
finishing in B via any number of steps in 7, and then a reactive
path from B to A via the I region:

(Tieg) = 0(14BgGR)l_Ps(0) (D1)

This formulation gives the average waiting time for each
component in B, because the path weights sum to unity in

each case. From eq 17, we have lﬂB‘;BGé =1g. Then, from eq
10, we have

v v I-1

We now use the chain rule, the derivative dgéélézo =
Gé@cﬁéglgzoGé, and lﬂBf;BGé = 1g from the conservation
of probability (Appendix A) to rewrite eq D1 as

(Thes) = 140Bgl-_y + 1;BpGE0 Byl 1G4P5(0)

=i =i I
[149:B gl —o + 150 Bygl_1G5Ps(0)

15[D5] 'GP (0)

(D2)

in agreement with eq 15, where IB[Dé]_1 = IBD%1 +
_1
1;D; G;Byg.

B APPENDIX E. INITIAL CONDITION IN 87 TO
REPRODUCE EXACT WAITING TIME FOR AN
ARBITRARY INITIAL CONDITION IN 7 U 8

Following eq 14, the exact waiting time for any initial condition

in 7 U B reads

T —1
DI - KII PI(O)

Pg(0)

1 - Krg

(T;U—IUZ» = [

g —Kgr Dg—Kgg

(E1)
which is identical to eq 14, except that, now, P;(0) # 0;. Recall
that the exact P;(0) = 0; result (eq 15 or eq 20) can be

written as (7. g) = lg[Dg] ' GEPg(0). Rearranging eq El
gives the analogous result

(therus) = 15[D5] " GH[P(0) + Bg;GP,(0)] + 1,D7'G,P;(0)
= 14[D5]"' GP,(0)
(E2)
with
P;(0) = Pg(0) + [Kg; + [Gyl 'D5(zg ® 1;)1D7'G,P(0)

where zg is any vector that satisfies 1gzg = 1. This freedom is
not surprising, because this term accounts for all paths that
decay to A without passing through 8. Therefore, we see that
the exact waiting time for arbitrary initial conditions in 7 U 8
can be recovered in the GT-renormalized Markov chain with
an initial condition P41(0) = Pg(0). Requiring 15P5(0) = 1
for a probability distribution in B’ yields

https://dx.doi.org/10.1021/acs.jctc.9b01211
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1585(0) = 15P(0) + [15Bg;G;y + (15[G5] 'D5z4)1,D7'G,1P-(0) = 1
_ 1= 14P4(0) — 13B4,G,P(0)

= 15(G5 ' D2y = —
15D7'G/P7(0)

(E3)
Aslgzg = 1,24 can be thought of as a probability distribution
in BI, meaning that IB[Gé]_lDézB is the flux to A for
Pgi = z4 by comparison with the evolution defined by eq 19.
Similarly, the denominator on the right can be interpreted as
the waiting time for escape to A for paths that never pass
through B!, while the numerator is the corresponding total
probability for such paths.

Finally, B5;G;P;(0) is probability mass from 7 that passes
through B before reaching A, the product of the compound
probability G;P;(0) of all paths that remain in J multiplied by
the branching probability Bg; = Kg;D;' into B. The exact
GT result for the waiting time shows that the initial
distribution in B’ is P;(0) plus a renormalized branching
probability for probability in 7, namely with effective rates
Kgr = Kgr + [Gé]_lDéWB ® 1;, which accounts for the
flux into A from paths that do not enter B'.

B APPENDIX F. DERIVATION OF STEADY-STATE
TRANSITION RATE AND WAITING TIME

The steady-state approximation assumes that the intervening
region is in local equilibrium with P; = 0 on the time scale of
transitions between A, B. This assumption is reasonable when
A, B are sufficiently metastable. The approximation of a
steady state in 7 yields the equality

D;P; = [I; — B;;]7'[B;4D4Py + B;gDyPy] (F1)

In addition, the original SS DPS derivation assumes that both
A and B are populated with local restricted equilibrium
distributions

Py(t) = AzPx(t), Pg(t) — AgPg(1)

Therefore, we obtain a reduced evolution equation for Pj

(with the obvious analogue for B)

(F2)

Pq = 14[Baq — 151DaRtaPy + 13BagDgfigPy + 1B, D/Pr

= 14[Bjq — 14DaftaPs + 1;BgDgitsPs,
(F3)

where the branching probabilities Bf_\, y are defined in eq 5. The
steady-state A < B rate into A from B can be read directly

from eq F3), giving

SS I A A A
kii-g = 13BagDpity = CgDylg (F4)

The last equality uses the committor definition given in eq 6 to
recover eq 36.

As noted in section IV(D), the above expression for the rate
associates a waiting time for each path that only accounts for
the escape time from the initial 8 minimum.

B APPENDIX G. FIRST-STEP ANALYSIS FOR
EQUIVALENCE OF EQS 37 AND 39

In the state space after the removal of all 7 minima and b’ # b
in B the renormalized waiting time and branching proba-

bilities, denoted 7}, P, and P}, in previous work,” correspond
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to steps from b to any a € A or back to b. T4, is then
obtained as

Tap = 7 Py (1 + 2Py, + 3(PL) + ...)

(G1)

From the first-step relation®®

I I
T ap, = 7, + z T 7[Bsgly,

beB (G2)

adding and subtracting Tﬂbl on the right, we find

I T 7
T, =, + z Bggly, (T — Tap) + Z (Bigly, 7 s,
besB bes

SO

I b
Cil'T o, = 75 + Z Co( Ty = T
bes
Hence, Ty{bl = Tb{/ Cb“(lz{ if 7 4, is the same for all b, and the

two rate formulations in eqs 37 and 39 agree.

For completeness, we now demonstrate how the first-step
relation is encoded in the matrix formulation that is the
principal representation of the present contribution. With 7 4,

= [18[Dé]_lGé]h, we have

Y TalBzsly, = [15(D5]" G5Byl = [15[DE] (G5 — Ig)1;,
beB

= [15[D5] ' Ggl,, — [5[DE] '], = Ty, — 7,

(as required)
(G3)

B APPENDIX H. SENSITIVITY TO DIRECT
TRANSITIONS

H-1. Sensitivity to Direct # — ¥ Transitions

For the case (I, m) € (P, P), we must consider sensitivity to
both the I < m perturbation and the m « [ perturbation. If we
define the “one-sided” difference operator dpp ' as only

accounting for the | — m perturbation, from detailed balance,
we can write

8ppCy = dpp Ciy + ¢"Spp"Cy (1)
The rate matrix modification from eq 53 reads
[ 1 T\P- U )
[0ppKipp ]ij =k (5im5jl + (™ — 51m)5jm5i1) (H2)

with all other modifications are zero. This gives branching
probability modifications of general form

ml I \P melnI\P I\P

mlglem
PPBXP = 5W BXP + ¢ 55"‘7’ BXP (H3)
Therefore,
(655 By 1; = K(8,, — [Bop 1) (D715 (H4)
Ml I\P I\Py [y
(655 'Biap1; = —K[BA 1, (D515, (Hs)
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melpnI\P __

IgL\P
XP
for I — m. Note the index swap in the second term of eq H4 to
capture the reverse m — | contribution with rate kY¢™.

The “one-sided” sensitivity of the total branching probability
can then be written

where we emphasize that S5 is the modification only

557CR = Lu6 5 BAx + yop B x
= K(Iyl, — [yByyy + 1xBaz ))[Dp'x)
= k(11 - [yL)[D;fx]l
(H7)
where the last in equality uses eq 45, which implies that
I\pP I\pP
YBpp + 17Bap =.

H-2. Sensitivity to Direct 8 — # Transitions
For (I, m) € (B8, P), we have the rate and branching
probability matrix modifications,

(675K ps Iy = k8,5 (H8)
(675K 1y = 0 (H9)
(67585 ); = K'(8,, — [Bpy 1;)[Dyg (H10)
[055Bx7 )y = —k'¢" (B, [D;f]mm i (H11)

where X = A, P, and, thus, the final sensitivity, with | € B,
m € P, is

8p5C% = k'([yl,, — [yB,w 1)D5Y; — K¢yl [Dp'x],,

(H12)

H-3. Sensitivity to Direct # — A Transitions
For (I, m) € (P, A), we have the rate matrix modifications

[53173KQ¢¢:]‘ = k75,8 (H13)

[ ﬂPKég]l] - kU¢m15il(Sjm (H14)
giving, in turn,

[ PBQ;’)]U = kU((Sim I\P]tl)[D ]115]’1 (HIS)

[85Bpp 1y = —k By 1,[Dp! 1u6y (H16)

AV

[5:;1¢>B ]1] =0 (H17)
and, thus, the final sensitivity, with [ € P, m € A, of

SmpCy = k(1 = [y])[Dp'x], (H18)

which we note is independent of m € A, as expected, because

of the form of the committor vector Cg defined in eq 6, with a
sum over all A states.
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